Considering the so-called Gazeau-Klauder coherent states(CSs) and using the analytic representation of these states we will demonstrate that how a new class of generalized CSs named the family of dual states associated with theses states can be constructed through viewing these states as temporally stable nonlinear CSs. Also we will observe that the ladder operators, as well as the displacement type operator corresponding to these two pairs of generalized CSs, may be obtained easily using our formalism, without employing the supersymmetric quantum mechanics techniques which have been already used in literature. Then we apply the method to some physical systems with known spectrum, i.e. Pöschl-Teller, infinite well and Morse potentials as some quantum mechanical systems. Finally we will propose the generalized form of Gazeau-Klauder CSs.
I. INTRODUCTION
Coherent states(CSs) play an important role in various fields of physics, quantum technologies and especially in quantum optics(see for instance [1, 2, 3, 4] ). Therefore efforts along generalizations and applications have been increased appreciably in recent years. Motivations to generalize the concept of CSs have arisen from algebraic aspects(deformation imposed on creation and annihilation operators as well as their commutator), symmetry considerations(group theoretic generalizations) and dynamics(introducing CSs related to potentials other than harmonic oscillator). Recently Gazeau and Klauder have introduced an important class of generalized CSs: the so-called GK coherent states have been denoted by |J, γ , corresponding to any arbitrary quantum mechanical system [5, 6] . Keeping in mind that GK states are really CSs, we will refer to these states as "GK states". The GK states have attracted much attention in literature (see e.g. [7, 8, 9, 10, 11, 12, 13] ). GK states can be classified in the dynamical generalization, due to their potentiality to construct CSs corresponding to Hamiltonians other than the harmonic oscillator. More recently, along generalization of GK states, the vector CSs of the GK type have been constructed and some physical applications of them have been addressed [14] .
In another direction a new way of generalization has been proposed to construct the so-called family of the dual states corresponding to some particular known classes of CSs such as nonlinear CSs [15, 16] . In an extended framework we have recently studied this idea, re-derived basically and well developed [16] . As an illustrative example it has been shown that the two discrete representations of SU(1, 1) CSs known as Barut-Girardello [17] and Gilmore-Perelomov [18] are dual pairs of each other. The construction of the dual pairs may actually be applied on all classes of generalized CSs, obtained by each of the three ways of generalizations. We have observed that the canonical CS(CCS) are the only self-dual family(which is a useful check point for our future construction in this paper).
Also we have established the dual states associated with KPS [19] , PS [20] and SU (1, 1) group CSs successfully, of course after we demonstrated the nonlinearity nature of these states [7] . Unfortunately as we have stated in earlier works, employing neither our previous approaches in [16] nor the formalism proposed in [15] for constructing the dual of GK state, do not lead to a full consistent CSs with Gazeau-Klauder's criteria. For instance according to the proposition in [16] the T −1 -operator, the action of which on CCS yields |J, γ may be obtained trivially, but when one acts the related T -operator on the CS, the output state which expected to be of the GK type(in fact the dual set of GK states), has some difficulties.
For example, apart from the ill-definition of the T (and so T −1 )-operator, the obtained states do not fulfill temporal stability. Consequently the important property of the GK states, the action identity evolves some problems. Therefore one has to try some radically different method from the previous ones.
The purpose of this paper is to present a new formalism to overcome these difficulties. In fact because of the failure of the early treated approaches in constructing the "dual set of GK states", we will rather adopt a more intuitive approach. Firstly, after imposing a second modification on the modified GK states |z, α (to be distinguished from "GK states", by abuse of notation we shall call them as GKCSs) have been introduced by El Kinani and Daoud [11] ,
we will clarify the nonlinearity of these states. Secondly, in view of establishing the GKCS as an extension of "KPS nonlinear CS" [19] to "temporally stable CS", following with the fact that the dual family of KPS nonlinear CS have already been introduced appropriately, we will have a try to find the dual of GKCS, (we will refer to as DGKCSs) through generalization of "the dual of KPS nonlinear CS" to state that possesses the "temporal stability" characteristic.
This is the central idea of the present work. Upon generalizing this result we will introduce theŜ(α) operator which falls down any generalized CS, corresponding to a Hamiltonian with known spectrum, which does not preserve temporal stability, to a situation in which it nicely restores this property.
In addition to these, a set of interesting new results such as the annihilation, creation and the displacement type operator corresponding to each of the two generalized CSs: GKCSs and DGKCSs, will be obtained. Also the even, odd and Schrödinger cat CSs using the dual family of GKCSs have been introduced. We then apply the method to the known solvable systems, i.e. harmonic oscillator, Pöschl-Teller, infinite well and Morse potentials as some examples of quantum mechanical systems. Finally we outline a scheme for generalization of the GKCSs and DGKCSs.
II. ANALYTICAL REPRESENTATIONS OF GAZEAU-KLAUDER CS AS NON-LINEAR CS
To keep the paper self-contained we review briefly the GK states as first introduced by J-P. Gazeau and J. R. Klauder, the analytical representation of these states and the nonlinear CSs, up to our need to refer. Also in the light of the explanation which follows, we will revisit the analytical representations of GKCSs and impose a second modification on them.
A. Analytical representations of GK states
Gazeau and Klauder, introduced the generalized CS |J, γ , we shall call them "GK states", [5, 6, 21] corresponding to any Hamiltonian with discrete(non-degenerate) eigenvalues e n ≥ 0:
where N is a normalization constant may be determined (for a new and interesting formalism related to degenerate Hamiltonian see Ref. [14] ). ρ(n) is a positive weight factor with ρ(0) ≡ 1, by convention. The Fock space spanned by the orthonormal set {|n } ∞ n=0 satisfy the eigenvalue equation:
The eigenvalues of the HamiltonianĤ are such that: 0 = e 0 < e 1 < e 2 < · · · < e n < e n+1 < · · · .
These states required to satisfy the following properties: i)continuity of labeling, ii)resolution of the identity:, iii)temporal stability, iv)action identity. The last two conditions requires that ρ(n) = [e n ]!. El Kinani and Daoud, in a series of papers [11, 12, 13] imposed a minor modification on the GK states in (1) via generalizing the Bargman representation for the standard harmonic oscillator [22] . Following the path of GK, the authors introduced the analytical representations of GK states, denoted by us as GKCSs:
where the normalization constant and the function ρ(n) are given by
Briefly speaking, they replaced −∞ < γ < ∞ and J > 0 in (1) by α ∈ R and z ∈ C, respectively. We must emphasize the main difference between the GKCSs presented in (4) and GK states in (1) in view of the significance and the role of γ and α, particularly in the integration procedure, in order to establish the resolution of the unity. For this purpose it is required to find an appropriate positive measure dλ(z) such that the following integral satisfied:
Inserting (4) in (6), writing z = xe iθ and then expressing the measure as:
performing the integration over θ ∈ [0, 2π], the overcompleteness relation (6) finally boils down to the moment problem:
Therefore the overcompleteness of GKCSs return to the problem of finding the function σ(x)
by the known Mellin transform techniques (see [19] and Refs. therein).
B. A discussion on the modification of GK states
As it is observed in the previous section, in the modification imposed by El Kinani and Daoud on the GKCSs, the parameter α has been implicitly considered as a constant, which its presence in the exponential factor of the introduced CSs preserves the temporal stability requirement (it is not now an integration variable). Meanwhile, for the temporal stability of the states in (4) one reads:
Upon a closer inspection, one can see that the latter relation is indeed inconsistent with the resolution of the identity. By this we mean that when α is as a constant parameter, it really labels any overcomplete set of GKCSs, {|z, α }. But the time evolution operator in (9) maps the overcomplete set of states {|z, α } to another overcomplete set {|z, α ′ }. These are two distinct set of CSs, each labels with a specific α, if one consider the El kinani-Daoud formalism. But the temporal stability means that the time evolution of a CS remains a CS, of the same family. So transparently speaking, the states introduced in (4) are not of the Gazeau-Klauder type, exactly.
To overcome this problem, we redefine the resolution of the identity as follows:
We can simplify the LHS of (10) which interestingly led us exactly to the LHS of (6).
Indeed we have:
where dλ(z) is determined as in (7).
By this fact we want to conclude that both of the over-complete collection of states:
{|z, α } and {|z, α ′ }, when α and α ′ ≡ α + ωt both are fixed, belong to a large set of over-complete states with an arbitrary α:
Note that by replacing α ∈ R with −∞ ≤ α ≤ ∞ in (12) we want to emphasis that we relax α from the constraint of being fixed. But unfortunately, the variability of α destroys the well definition of the operator f (α,n) will be introduced later in (17) On the other side the notion of nonlinear CSs introduced in [23, 24, 25] attracted much attention in recent decade, especially in quantum optics. The realization of a special class of these states has been proposed in the quantized motion of a trapped atom in a Paul trap [24, 26, 27] . The introduction of these states are based on the deformation of the standard annihilation and creation operators with an intensity dependent function f (n), according to the relations:
with noncanonical commutators between them as
where a, a † andn = a † a are standard bosonic annihilation, creation and number operators, respectively. As we have observed in [7] or according to the Hamiltonian partner in the context of "supersymmetric quantum mechanics"(SUSYQM), ("the factorized Hamiltonian"
proposed in [11] ) the Hamiltonian of deformed oscillator must be of the normal-ordered
The nonlinear CS obtained as eigenvector of the annihilation operator is as follows:
where f (0) ≡ 1 and N f is some appropriate normalization constant may be determined. We recall that by replacing f (n) by
in the relation (16) one immediately gets the nonlinear CSs introduced in [15] . We have called these states as the dual family of nonlinear CSs of Man'ko's type [16] .
Following the formalism in [7] for the states expressed in (4) one may obtain:
, α being fixed. (17) where we have choosed the notationê n ≡ ρ(n)/ρ(n − 1).
Moreover, we gain the opportunity to find rising and lowering operators in a safe manner:
where one may easily verify that A GK |z, α = z|z, α . Obviously the commutation relation between these two (f −deformed) ladder operators obeys the relation (14) with substitution f by f GK (α,n) simplify as:
The special case ρ(n) = n! recovers the standard bosonic commutation relation [a, a † ] =Î.
Using the "normal-ordered" form of the Hamiltonian as in (15) for the GKCSs we get:
=ê n (20) shows clearly the independency of the dynamics of the system of α.
III. THE DUAL FAMILY OF GKCS AS THE TEMPORALLY STABLE CS OF THE DUAL OF KPS CS
Recall that KPS coherent states, have been expressed by Klauder, Penson and Sixdeniers [19] with the following superposition:
As demonstrated in [7] , all of the various sets of CSs introduced in [19] , constructed by diverse ρ(n)'s, are nonlinear CSs in nature. Also the appropriate nonlinearity function f (n) and so the deformed annihilation, creation and Hamiltonian operators were introduced there.
Especially, it is found that ρ(n) in (21) must satisfy the relation:
where e n 's are the eigenvalues of the associated factorized Hamiltonian. Taking into account the above results, comparing (21) with GKCS in (4), keeping and ω in the formulas, one may conclude that:
While |z KP S states are not temporally stable, |z, α states enjoy this property.
Now we may outline a relatively evident physical meaning to the arbitrary real α in (4) or (22) as follows: α ≡ ωt, where by t we mean the time that the operator acts on the KPS CSs. It should be mentioned that, in a sense this interpretation has been presented for the GKCSs in a compact form [10] . If so, then |z, α can be considered as the evolution of |z KP S . Therefore in a more general framework, we claim that the action of the evolution type operatorŜ
on any non-temporally stable CSs, makes it temporally stable CSs. So,Ŝ(α) is a nice and novelty operator which falls down any generalized CS to a situation which it restores the temporal stability property. Where we stress on the fact that in (23) the evolved Hamiltonian,
At this point we are ready to find a suitable way to define the dual family of GKCS in a safe manner. First we note that the dual family of KPS CSs introduced in (21) has already been established in [7] , in the following exact form:
where
From now on, the sign "tilde" over the operators and states, assign them to the corresponding dual operators and states, respectively. µ(n) ≡ ρ(n) is dual correspondence of ρ(n).
Equation (25) expresses the relation between the KPS and the associated dual CSs, simply.
Obviously N KP S and N KP S in (21) and (24) are the normalization constants may be obtained. Therefore, employing the formalism presented in (22) when imposed on "the dual of KPS states" in (24) , naturally leads one to the following superposition of Fock space for the dual family of GKCSs(we refer to as by DGKCS):
where N = N KP S (because of the unitarity ofŜ(α), which preserves the norm), is now determined as:
Note that setting α = ωt in (23) and (26) reduces the operatorsŜ(α) and Ŝ (α) to the well-known time evolution operators U(t) and U(t), respectively. The case α = 0 in the states in (4) and (26) will recover KPS and the corresponding dual CSs (which certainly are not temporally stable), respectively. The overlap between two states of the DGKCSs takes the following form
which means that the states are essentially nonorthogonal.
In the following we will observe that the states |z, α introduced in (26) are exactly of GK type. It should be noticed that the produced states form a new class of generalized CSs , essentially other than |z, α in (4). Also it is apparent that for our introduction, we have obtained directly the analytic representation of DGKCS of any arbitrary quantum mechanical system. One can now deduce the nonlinearity function for the dual states in (26) as:
where we have used the notationε n ≡ µ(n)/µ(n − 1). Therefore the deformed annihilation and creation operators of the dual system in analogue to (20) may expressed explicitly as:
The normal-ordered Hamiltonian of dual oscillator in the same manner stated in (20) is:
which is again independent of α. As a result
where again we use the units ω = 1 = . The right equation in (33) illustrates clearly the relation between the eigenvalues between the two mutual dual systems. The DGKCSs also are required to satisfy the following inequalities:
as in (3) . At this point a question may be arisen, to what extent can we may be sure that the DGKCSs in (26) are of the GK type. Let us briefly investigate this question.
1. Continuity of labeling: is clearly satisfied.
Resolution of unity:
The radius of convergence of DGKCSs is determined as R = lim n→∞ n µ(n) and µ(n) is defined as positive constants assumed to arise as moments of a probability distribution. Similar calculations led to the result in (8) , is needed to arrive at the new moment problem associated with the DGKCSs:
which must be solved with the help of the early mentioned techniques. As for the GKCSs, we assume that µ(0) = 1 and µ(n) < ∞ for all n.
3. Temporal stability: before arriving the calculations in detail, it should be recognized that when one intends to deal with the temporal stability of a dual pair, automatically there exist two distinct Hamiltonians at hand, in this case correspond to GKCSs and DGKCSs. So one must be careful that for DGKCS the relevant Hamiltonian, Ĥ would arrive in the calculations. Indeed using (26) and (33) gives us readily:
illustrates that DGKCSs remain coherence, as time goes on.
4. Action identity: from the condition (iii) we observe that the time evolution of a CS is a map given by (z, α) → (z, α + ωt). The new states | z, α satisfy the relation:
in accordance to the Gazeau-Klauder's criteria, which is the so-called action identity.
This is a strong requirement which uniquely specifies the weights {µ(n)} n≥0 in the denominator of the expansion coefficients of the DGKCS. Using (26) , (27) and (33) in the LHS of (38) we obtain
Equating same powers of |z| 2 , leads us to the condition
which by conventional choice of µ(0) ≡ 1, we deduce:
It ought to be noted that the same argument we presented in section II B about the resolution of the identity (and the integration procedures), the α parameter (the states and the operators which depend on it), and the corresponding Hilbert spaces, must also be considered in the DGKCSs built in the present section.
A. The introduction of temporally stable nonlinear CS
Let us now outline the main idea, in a general framework. It is believed that the property of the temporal stability is intrinsic to the harmonic oscillator and the systems which are unitarily equivalent to it [28] . But in what follows we shall demonstrate that how this important property can be restored by a redefinition of any generalized CSs which can be classified in the nonlinear CSs category. Recall that the nonlinear CSs we introduced in (16) do not have generally the temporal stability requirement [25] . So, upon adding the results in the previous work [7] and the above explanations, we want to go proceed and introduce generally the new notion of "temporally stable nonlinear CSs" as
We can also define the dual of the latter states by the following expression:
which are indeed the temporally stable nonlinear CSs introduced in [15] ). In both of the CSs in (42) and (43), α is a real constant and the normalization factors are independent of α.
The case α = 0 in (42) and (43), will recover the old form of Man'ko's and Roy's nonlinear CSs, respectively, which clearly were not temporally stable.
B. Temporally stable CS of SU (1, 1) group
An instructive example of the families of nonlinear CSs is provided by the GilmorePerelomov(GP) [18] and Barut-Girardello(BG) CSs [17] , defined for the discrete series representations of the group SU(1, 1). According to the results in [7] for GP states we have:
By imposing our extension, "temporally stable CSs of BG type associated with SU(1, 1)
group" can be defined as:
where N GP is a normalization factor, may be calculated and the parameter κ = 1, 3/2, 2, 5/2, · · · , labels the SU(1, 1) representation being used. Analogously, for the GP type of CSs one has:
which applying the presented extension gives immediately "temporally stable CSs of BG type associated with SU(1, 1) group" as follows:
where once more, N BG is chosen by normalization of the states.
C. Temporally stable CS of Penson-Solomon type and its dual
As established in [7] , the generalized CSs introduced by Penson and Solomon [20] as:
are also nonlinear with f (n) = q (1−n) and therefore the factorized Hamiltonian readsĤ P S = nq 2(1−n) . It is stated in [20] that under the action of exp(−iĤt) these states are temporally stable, whereĤ = a † a =n. Knowing that the latter Hamiltonian expresses only the (shifted)quantum harmonic oscillator with the corresponding CCS, seemingly to verify the invariance under time evolution operator, it may be more realistic to act the exp(−iĤ P S t)
operator on the states in (48). Clearly by such proposition these states are not temporally stable. Moreover, the presented formalism allows one to construct the temporally stable CS of PS type as follows:
where e n = nq 2(1−n) , which the requested property may be verified, straightforwardly. We have already introduced the dual of the PS states of Eq. (48). So the temporally stable of the dual states may also be obtained immediately as
where ε n = n q 2(1−n) .
D. Some remarkable points
We end this section with some remarkable points.
• First, one can prove that the f -deformed annihilation operator we obtained in (17) is just the same as the one that derived earlier in [10] , has been denoted by a(α):
or in terms of the introduced evolution operatorŜ(α):
It must be noticed thatǎ in Eqs. (51) and 52, is essentially different from the standard bosonic annihilation operator. Indeed the authors have been definedǎ and its adjoinť a † by their actions on the Fock space {|n } ∞ n=0 as follows:
The equivalence between A GK (α,n) in (18) and a(α) in (51) may be verified easily, using the relations (13), (53) and the two equations:
by which we have:
while we have used (2) in the last step. Upon replacing the final result in the RHS of (51), taking into account again (2) we are readily led to the equality a(α) = af GK (α,n).
• In the light of the presented explanations the annihilation operator eigenstate for GKCSs is:
and that of DGKCS is:
The deformed annihilation and creation operators A GK and A † GK of the dual oscillator algebra, satisfy the eigenvector equations:
Upon looking on the actions defined in (59) and (60) one can interpret A GK and A † GK as the operators which correctly annihilates and creates one quanta of the deformed photon, respectively. A closer look at the basis of the involved Hilbert space H α in each overcomplete set {|z, α }, shows that it spanned by the vectors
Moreover, we have omitted the α parameter from the basis for simplicity. At last we are able to introduce the generators of the deformed oscillator algebra [30] of GazeauKlauder and the corresponding dual family as {A GK , A † GK ,Ĥ} and { A GK , A † GK , Ĥ }, respectively.
• One may expect that the inequalities for ε n in (34) corresponding to any solvable system(the restriction which also exists in (3)) do not hold for GKCSs. This is generally may be true, but fortunately many cases-if not all-such as all types will be considered in this paper are of this sort (both of ε n and e n are strictly increasing). So it must be mentioned that before making use of our formalism for dual states associated with any set of GKCSs one should be sure about the condition (34) . If both of the inequalities in (3) and (34) holds simultaneously, then one has:
which can be translated in terms of the nonlinearity function f GK (α,n) as follows:
for all n > 0.
• As it may be clear, when one wants to work with one of the dual pairs singly, they can be considered on their relevant domains. But to deal with their mutual relation, calculations must be done only in the intersection of the domains of the pair of CSs (in this case GKCSs and DGKCSs); i.e. generally on a unit disk, unless the CS defined on a finite dimensional Hilbert space. As we will see later, the latter is the case for Morse potential.
• And finally, the probability distribution for the GKCSs is defined as:
which is independent of α parameter.
We terminate this section with recalling that there exist also a set of equations such as (59-62) related to GKCSs, may be obtained just by replacing: A GK , A † GK and ε n with A GK , A † GK and e n , respectively. The latter have been already derived by applying SUSYQM techniques [12] , but re-derivation of them are very easy by our formalism. According to their results, the one-dimensional SUSYQM provides a mathematical tool to define ladder operators for an exactly solvable potentials. But the authors did not implied the explicit form of the ladder operators, and only the concerning actions were expressed there. Therefore besides the simplicity of our method, it is more complete in the sense that as we observed the explicit form of the rising and lowering operators in terms of the the standard bosonic creation and annihilation operators and the photon number(intensity of the field) have been found easily(see equations: (18) , (30) , (31)).
IV. DISPLACEMENT OPERATORS ASSOCIATED WITH GKCS AND THE CORRESPONDING DUAL FAMILY
After which we have introduced the explicit form of the deformed annihilation operator(and hence the annihilation operator definition for GKCSs and DGKCSs according to equations (56) and (57)), we are now in the position to extract the CSs of Klauder-Perelomov type for an arbitrary quantum mechanical system. For this purpose we introduce the auxiliary operators related to GKCSs:
and analogously those for the dual families DGKCSs:
Notice that the minus sign in the argument of the f -function is needed in both cases, since only in such cases we have f nonlinear CSs |z KP S and its dual | z KP S to the two distinct temporally stable CSs, respectively. Speaking otherwise, the operators introduced in (69) and (70) do not have the relation:
† , which is the characteristics of the earlier formalisms. Also it is possible to build the following displacement type operators as well:
for GKCSs and in a similar manner:
for DGKCSs, the actions of which on the vacuum state, yield two new sets of states, but none of them can be classified in the Gazeau-Klauder CSs.
V. THE CONSTRUCTION OF EVEN, ODD AND SCHRÖDINGER CAT COHER-ENT STATES FROM THE INTRODUCED DGKCS
By various superpositions of CSs, different nonclassical states of light may be constructed.
Recently, there has been much interest in the construction as well as generation of these states, because of their properties in the context of quantum optics. Their different characteristics is due to the various quantum interference between summands. As an example, the even and odd CSs of canonical CSs as well as other classes of generalized CSs such as nonlinear CSs well studied in the literature [31] , due to their nonclassical features, such as squeezing, sub-Poissonian statistics (antibunching) and oscillatory number distribution. The symmetric (antisymmetric) combinations of GKCSs have been introduced in [11] . Similarly using the unnormalized DGKCSs we are led to the even(odd) CSs denoted by +(−):
where z ∈ C and α ∈ R. For the normalization factor we get:
A few simplification imposed on the states in (73) clarify the name even(odd) associated with these states:
Finally the (±) states in (75) and (76) satisfy the eigenvalue equations:
The probability distributions for the even-DGKCS (+) and odd-DGKCS (−) are derived as:
clearly is independent of the α parameter.
Now we pay attention to another specific superposition of the DGKCSs | z, α , by which we may obtain the real and imaginary Schrödinger cat states as:
where z * is the complex conjugate of z. Inserting z = re iθ in the last equation gives us the following explicit forms:
and
where the normalization constants would be find as:
The probability distribution for the the real (+) and imaginary (−) Schrödinger cat CSs in (80) and (81) can be calculated as:
which again is independent of α.
VI. SOME PHYSICAL APPLICATIONS OF THE DGKCS
In order to illustrate the presented idea in this paper, let us apply the formalism on some physical examples which the associated GKCSs have already been known. To economize in the space the complete form of DGKCSs have not been given in what follows and it will be enough for our intention to present ε n , µ(n) and N (|z| 2 ), since substituting these quantities into (26) gives readily the explicit form of the DGKCSs, | z, α .
Example 1 Harmonic oscillator:
As the simplest example we apply the formalism to the harmonic oscillator Hamiltonian, whose the nonlinearity function is equal to 1, hence ε n = n = e n which results the moments as µ(n) = n! = ρ(n). Note that we have considered a shifted Hamiltonian to lower the zero-point energy to zero (e 0 = 0 = ε 0 ). Eventually
ensures the self-duality of CCS. This result can be considered as a necessary criteria for dual family corresponding to any class of generalized CSs. For this example all the GazeauKlauder's requirements are satisfied, trivially.
Example 2 Pöschl-Teller potential:
Interesting to this potential and its CSs is due to various application in many fields of physics such as atomic and molecular physics. Recently, the position space entropies of the CSs of the Pöschl-Teller potential, which is known to show revival and fractional revival have been studied [32] . The usual GKCSs for the Pöschl-Teller potential, have been demonstrated nicely by J-P Antoine et al [10] . Their obtained results are as follows
with the radius of convergence R = ∞. Consequently substitution of the quantities of equation (86), in (25) and (33) one can construct the dual of the already known states by the new quantities obtained as
and for the normalization constant we get by (27) :
whose radius of convergence is determined as the open unit disk. The overlap between two of these states when α = α ′ is obtained from (28) as:
To be ensure, for these dual states we only investigate the resolution of the identity, since the other three requirements satisfied obviously. As required we have to find ̺(x) such that the moment integral
holds. It may be checked that the proper weight function is determined as ν(1 − x) ν−1 .
At this point we recall that (86) denotes the eigenvalues of different Hamiltonians. The role of the characteristics of the dynamical system plays by the parameter ν. For instance it is precisely the eigenvalues of the anharmonic (nonlinear) oscillator also, well studied in literature. GKCSs and GK states have been discussed in Refs. [11] and [33] in details, respectively. In current example the parameter ν is related to two other parameters, namely λ and κ through the relation ν = λ + κ, which determine the height and the dept of the well potential. While when one deals with the nonlinear oscillator it has another meaning;
e.g. we refer to Ref. [33] , in which the interest was due to its usefulness in the study of laser light propagation in a nonlinear Kerr medium. In particular ν in the latter case is related to the nonlinear susceptibility of the medium. So, the obtained results in (87)-(88) can be exactly used for the anharmonic oscillator, too. To this end, in the next example we see that the case of ν = 2 in (86) is the exact eigenvalues of the infinite potential well.
Example 3 Infinite well potential:
The GKCSs for the infinite well, well established by in [10] , noting that
with the radius of convergence R = ∞. Consequently inserting (91) in (25) and (33) one can construct the dual of these states by the quantities
and the normalization factor can be obtained by (27) as:
whose radius of convergence is determined as the open unit disk. Again the overlap between two of these states for the special case α = α ′ is obtained from (28) as:
To clarify the fact that these dual states are actually CSs, we only investigate the resolution of the identity, since the other three requirements satisfied straightforwardly. For this condition we have to find ̺(x) such that the integral
holds. It is easy to verify that ̺(x) = 2(1 − x) is the one we need in this case.
Example 4 Morse potential:
The GKCSs for the Morse potential which is the simplest anharmonic oscillator, useful in various problems in different fields of physics(for example: spectroscopy, diatomic and polyatomic molecule vibrations and scattering), can be obtained using the related quantities may be found in [9] :
where n = 0, 1, · · · < (M + 1). Therefore taking into account (96) in (25) and (33) the dual of these states can be produced by the quantities:
For the normalization factor in this case on reads:
where again the equation (27) have been used. Noticing that the series for N (|z| 2 ) is now a finite series, makes it clear that it converges for every values of x = |z| 2 ≥ 0, i.e. z ∈ C.
For the overlap between two of these states when α = α ′ the formula (28) is not useful and one must calculate especially the overlap between the Morse states for themselves, because of the upper bound of the evolved sigma:
We need only to verify the resolution of the identity. As before, we have to find a function
Using the definition of Meijer's G-function and the inverse Mellin theorem, it follows that [34] :
One can find the function ̺(x) needed in (100), in terms of the Meijer's G-function by the expression:
VII. INTRODUCING THE GENERALIZED GKCS AND THE ASSOCIATED DUAL FAMILY
In the light of the above explanations we are now in a position to propose the generalized GKCSs, by which we may recover the GKCSs in Eq. (4) and the nonlinear CSs in Eq. (16) as two special cases. In the following scheme, the physical meaning of the α parameter which enters in the GKCSs will be more clear, the case we have already mentioned as α = ωt.
A. Time evolved CSs as the generalized GKCSs
Consider the HamiltonianĤ whose eigenvectors are |φ n and eigenvalues are e n , such
e n |φ n φ n |, whereĤ|φ n = ωe n |φ n ,
where ω is a constant with the dimention of energy(taking = 1). Let H be a separable, infinite dimensional and complex Hilbert space which spanned by orthonormal set {|φ n } ∞ n=0 . Also suppose 0 = e 0 < e 1 < e 2 < · · · < e n < e n+1 < · · · , be such that the sum
generalized CSs:
where N (|z| 2 ) being a normalization factor. As it is clear these states known as nonlinear CSs, with the nonlinearity function f (n) = en n . Setting z = re iθ with r = J 1 2 , it is reasonable to write |z ≡ |J, θ . Now if dν be a measure which solves the moment problem
then these CSs satisfy the resolution of the identity
The CSs in (104) evolve with time in the manner
or equivalently in terms of the new variables J and θ
This larger set of GKCSs, we will call them "generalized GKCSs", defined for all t, satisfies the resolution of the identity,
where dµ B which is really a functional(not a measure) is referred to as the Bohr measure,
and f is a suitably chosen function over R. In particular, if f (x) = 1 for all x, then µ B ; f = 1, so that µ B resembles a probability measure. Therefore writing the Bohr measure as an integral only has a symbolic meaning.
Setting t = 0 in the "generalized GKCSs" of Eq. (107), we will recover the nonlinear CSs and if θ = 0 in the generalized CSs of Eq. (108) reduces to the GKCSs |J, α in (1) with α ≡ ωt, which the latter states satisfy the resolution of the identity,
The generalized GKCSs |J, θ, t in (108), satisfy the stability condition and the action identity, as well as the continuity in the labels and the resolution of the identity,
and so do the states |z, t in (107).
B. The dual family of the "generalized GKCS"
Let us now write e n = nf 2 (n), so using our previous results in the present paper, there are a dual set of numbers e n ≡ ε n = n f 2 (n)
, associated to the dual Hamiltonian Ĥ . Correspondingly this Hamiltonian has eigenvectors |φ n and eigenvalues ε n , such that:
where Ĥ |φ n = ωε n |φ n .
Also assuming that 0 = ε 0 < ε 1 < ε 2 < · · · < ε n < ε n+1 < · · · , be such that the sum
converges in some interval 0 < x ≤ L. We can now define the dual family of CSs as in (104) by
which are the well known(dual) nonlinear CSs of Ref. [15] . The time evolution of these states are as,
Again setting z = re iθ with r = J 
We call this large set of states as the "dual of the generalized GKCS". Setting θ = 0 in (116) will reduce it to the dual of the GKCSs we introduced in (26) with α = ωt. Provided that the moment problem
has a solution, we also have expressions for the resolution of the identity of the type (106), (109) and (111). Note also that,
The GK criteria may immediately be verified for the dual of the generalized GKCS in Eq.
(116), as it was down for the "generalized GKCSs" in Eq. (108).
C. Generalized creation and annihilation operators
Define the two set of the generalized annihilation operators
and the corresponding generalized creation operators
where we recall that ε n ≡ e n . So that the Hamiltonian and the associated dual arê
Note that we have dropped the GK indices from all the operators in this last section because the discussion is particularly related to the GK states. Then, for the states in (104) and (114) we have clearly
In the Heisenberg picture the generalized annihilation operators A and A evolve in time as
and similarly for the generalized creation operators. At any time t, one may obtain,
D. Interpolating between generalized GKCSs and their dual
Following the approach we proposed in [16] we can define the operatorT on H aŝ
with the actionT
Then, writing η z = N (|z| 2 ) 1/2 |z and similarly defining η z , η J,θ,t and η J,θ,t as the unnormalized CSs, we have:T
and sinceT ,Ĥ and Ĥ commute, we have the interpolation rule, at any fixed time t; i.e. fixed α:
VIII. CONCLUDING REMARKS
Finally we present a summary of our results.
The modified Gazeau-Klauder CSs introduced and employed by El Kinani and Daoud, and the dual family of them(we called them GKCSs and DGKCSs, respectively) are essentially of the type of the so called nonlinear(f -deformed) CSs. In each of the two cases the relevant nonlinearity function is an operator valued function depends on the intensity of light(n), but labeled by a constant real parameter(α). The introduced nonlinearity function which contains a phase factor depends onn, has not been appeared in literature up to now.
This new feature originates from the temporal stability requirement imposed on GKCSs and DGKCSs. Meanwhile, using the two nonlinearity functions we constructed the rising and lowering operators, by which one can creates and annihilates the deformed photons [35] .
Adding the results presented in section (VI) show that, at least in most of the considered physical systems, i.e. when the CS deals with the whole Fock space {|n } ∞ n=0 , while the GKCSs is defined on whole complex plane(unit disk) the DGKCSs is restricted to unit disk(whole plane), and vice versa. This situation does not hold for Morse potential in which there is a cut off in the summation (finite dimensional Hilbert space: {|n } M +1 n=0 ). So based on the results in [35] in which the authors relate the radius of convergence to the physical quantities, it can be conclude that GKCSs and DGKCSs can be produced with different experimental set up.
We introduced a unitary operatorŜ(α) that its action on any non-temporally stable CS makes it a state which guarantees this property. We emphasis on the fact that the Hamiltonian evolved in the latter operator must be the one that expresses the dynamics of the system. Using this proposition we introduced the dual family of GKCS. Also it may be understood that the GKCSs can be rewritten in terms of the associated f GK function, explicitly as:
and similarly for the DGKCSs in terms of the same nonlinearity function f GK :
Hence, we have established that the latter states are indeed a special class of nonlinear CSs, which are temporally stable. This property preserves, using a particular set of nonlinearity functions as introduced in (17) and (29) . Also, the map:
|z, α → | z, α may be obtained by following map:
.
Note that the last equation convert even the normalization factor, correctly. Keeping in mind the above explanation, a certain class of nonlinear CS and its dual, determined on a specified point of the phase space(z ∈ C), including the fact that the standard CCS is selfdual, may be similitude to the image of a state by the map defined above. While the images of standard CCS are the same in any arbitrary point of the phase space, i.e. the usual CCS does not destroy the flatness of the mirror(or the linearity of the medium), this is not so for the nonlinear CSs. It may be recognized that the operator f in the CSs affect the flatness of the mirror(or the linearity of the medium), and makes it to be curved(or nonlinear). As much as the state is far from the harmonic oscillator CSs, the effect of f -function is more strong and the dual state(image) is far from the state, itself. So the role of the nonlinearity in the nonlinear CSs may be related to the medium, instead of the source of light. In other words, corresponding to any nonlinear CSs there exist an equivalent situation: "a linear source(ordinary photon) with a nonlinear optical medium", such as Kerr medium. This particular interpretation of the nonlinear CSs has already been realized in [36, 37] . as it was down for GK states [14] . This matters are under consideration for future works.
